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An exact solution of the problem of complex shear of a half-space containing
an angular groove, is obtained for the strain-hardening law given by (1. 1).
The latter relation was used earlier to analyze the state in the neighborhood
of the weak concentrators, within the framework of the approximate, semi-
inverse method of V, V, Sokolovskii [1]. Other examples of the problems of
grooves which admit closed solutions are shown, and the method of P -analy-
tic representations of solutions given in [2] is used. Applications to similar
problems under different laws of strain-hardening are given in [3].

1, Let us adopt the relations of the deformation theory without unloading, with

a single curve ORISR
’ T=Gy/V 1+ (1.1)

The basic functions, connected with the transformations of the solution equations of
the static antiplane problem to the generalized Cauchy — Riemann system [2], can
be written as follows:
7]=.Lln.....--.—--.....—__'“‘ni_a?z---1 p= I_ll = —th7y (1.2
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Relations (1. 2) and subsequent expressions use the notation of [2]; the integration con-

stant in the first formula is chosen in accordance with the condition that v — 0 as
‘V —> OQ.

The characteristic of the generalized anal.ytic function f({) = a -+ if has the
form 1 oy
o co— ——— — . 2
P = > exp(S(p p)dn) cth?

therefore the general solution of the system can be written in the form of a linear com-
bination of the derivatives of the harmonic function u (&, n) [4]
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f)-— on Cthn-a—q?, a_—?_l—thn—(/—i_()n- ( )
B(E m)=(zcos§ —ysinf)y/ 7y (1.4)

a(E M) = (zrsinf+ ycosE) v/,
(sz + i?xz = Yeig)

The representation (1, 3) enables us to construct, in quadratures, a number of new
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solutions of the canonical problems dealing with polygonal grooves (in particular the
problems of cracks), by reducing them to boundary value problems for the analytic
function @ (§) = du / o — idu / 0t of the complex variable § = 1 + it.

2. Let a half-space weakened by an angular notch of depth /, extending to the
boundary, be subjected to a homogeneous shear of magnitude Voo at infinity (Fig. 1).
Using the relations (1. 2) and (1. 4) we can show that the mapping of the region in the

x, Y -plane onto the 7, & -plane becomes a half-strip (| & | Cn /2 — P, n<<
0) with a cut along the ray (N <My, & =0). The corresponding points are den-
oted in Figs.l and 2 by the same letters, The quantity 7, can be obtained from the
first formula of (1, 2) by setting ¢ = YVe.

LY
§
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3/

Fig.1 Fig.2

In obtaining the boundary conditions we note that
tE=0, z=0 (0B, 0'B’) (2.1
E=+(@/2—1v), (2 —siny Fycosp =20 (0'4), (04)

therefore, in accordance with (1. 2) - (1,4), we obtain
0, (ob, 0'b)

oo Lu o 2.2)
p= om cthn orf? {——lsimp/shn, (o’a’, ca) (

Integrating the ordinary differential equations with respect to the function du / 61
and taking into account the condition of its boundedness when 1 — — oo which
follows obviously from (1.4), we obtain (Re @ = du / o)

Re® =0 (ob, 0'b), Re ® = le"sin (oa, o'a’) (2.3)

Faany E[p —n/2, n/2—y] and n— 0, the asymptotics of the fun-
ctions have, in accordance with (1. 2) and (1.4), the form

p~—lcos§/shn, a~1Isink/chny
Using the expressions (1. 3) we can show, that the function u (8, m)  has the
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following form near the segment aa’:
= I{cshmn + chn)cosE, ¢ = const

therefore we can write the boundary condition on aa’ as follows:

Im®=—6u/dt=1sink (=0, |E]|<<n/2—) (2.9)
Moreover we have
()0 (L oco) (@3
To solve the linear boundary value problem (2, 3) — (2.5), we pass to the plane
of an auxilliary variable
o=@ +io,=exp({/p) (p=1—2¢/n; 0<<p<1)

The region of analyticity of the function @ (@) = ® ({ (©)) is represented by
the right semicircle (| o | << 1, @, > 0) with a cut along a segment of the real
axis (0 << 0, << @), With @, = exp (N / 4). We introduce the following
analytic function:

¥ (0) =@ (o) + lo* (argo* =pn/2, 0 =1) (2.6)

and supply it with an additional definition outside the region indicated, as follows:
V(@)=Y (1w, ¥=—Y(—0) 2.7)
The conditions at the discontinuities have, according to (2.3) and (2.4), the form
¥, —¥. =0T (o|=1), =0 2.8

¥, + ¥ =2(a;) on T3(0;=0, |0,|< 0, | ;| > 1 0)

and the function
glo) =—lo}F 0< o< o) (2.9)

is defined on the remaining segments of the line I'; according to the conditions(2.7)
(e.g. g=1/| @ |* when ©;<<—1/ @w). The limit values of the function
¥ (@) in the upper half-plane are denoted in the last condition of (2,8) by the sub-
script plus,

The tirst two boundary conditions of the conjugation problem (2, 8) extend the
solutions analytically across the lines I'; and T,.

The canonical function of the problem is

X (0) = o/ [(0® — 01/ 0x? — 0] (2.10)
(X (@) = X (—0), X(0) =X (1/0))
and we choose the branch of the root for which arg X = —n / 2 at the upper edge
of thecut (] ®;] << ®We). From the relations (2. 8) we obtain
¥, v, ks ¥_ 2
X, _-..?_:—:::0 (P.‘nr2)a ":Y":."“"X‘:‘=‘"X% (F:S) (2,11

Taking into account the symmetry conditions (2. 7), (2. 8) and the asymptotics (2. 5),
we can write the solution of the problem (2, 11) in the form of a Cauchy type integral
Y 1 ¢ 2g(nadt
X (o) 2m ) X, (H){t—0)
3
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Transforming the latter, with the odd function g () taken into account, we obtain
Deo

_ 2 2 g(t) (2~ 1)t
¥ (@) = =X (@)o© +1)S0 P e 1 g (2.19)
and this, together with the formulas (2, 6), (2,9) and (1,2) — (1.4), completes the
solution of the problem. In particular, the value 1 = 0 (u = 1) yields the case
of a crack~-cut emerging at the boundary of the half~plane.

Omitting the calculations for brevity, we shall show certain other formulations
of the antiplane problems of solid concentration, admitting the solutions in closed
form,

3. In the case of a half-strip with a cut bounded by a stress-free plane = = h
(the trace CC’ is shown in Fig, 1 with a dashed line), the boundary condition on the
additional segment bd of the cut in the image plane can be determined in the same
manner as (2, 3) from the equation § = —# / sh 7, so that

Re® =h(shn —thn,chn) Me<n<m,, §=0) (3.1

The solution of the problem (2. 3), (2.4), (3.1) is obtained in the same way as that
in Sect, 2, although in this case the value of 1, corresponding to shear deformation
at that point ) is not known in advance and has to be determined from the condition
(2.5), The solution obtained corresponds, at the same time, by virtue of the symm-
efry, to the case of a plane, weakened along the real axis by a system of rhombic
notches or by notches separated from each other by the distance of 25.

The cases of planes with periodic or doubly peridoic systems of notches distributed
along the direction of the shear, do not present any complications either. Using the
conditions of symmetry of the solutions relative to the coordinate lines y = 2Hn
(n=0, +1, £2,...)or z=2hk, y=2Hn (k, n =0, =1,%2,...)
respectively, we see that the domain of analyticity of the function @ () is repres-
endted, as before, by a strip with a cut. The boundary conditions (2. 4) remain  in
force; the auxillfary condition at the cut bd changes for the singly periodic system
from (3.1) to

Im® = H(chn — Cshm) (Nyy <N <, E=0) .2
The values of the coordinate 7,4 , point b and constant C' are obtained from the
conditions (2, 5) and the fact that the solution is bounded when 1) —> 7),,.

For a doubly periodic system of notches, the relation (3, 2) must be supplemented
by the boundary condition (3. 1) for the reintroduced part of the cut de (N <1 <<
Ny, § = 0), and the constant m, has the same meaning as in (3. 1).
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